This paper presents an error estimate in the L 2 -norm for the discontinuous Galerkin finite element methods (DGFEM) for elliptic problems with low regularity solutions. The Raviart-Thomas interpolation operator is employed to derive the new result, which complements the mesh-dependent energy norm error estimates in Gudi (2010) [2] . Numerical results corroborate the theoretical analysis.
DGFEM for elliptic problems
The discontinuous Galerkin (DG) finite element methods are widely used in scientific computing and engineering applications. However, the standard a priori error analysis of DGFEM requires additional regularity on solutions. In particular, for second order elliptic problems, it is usually assumed [1] that the solutions are in H 1+s , s > 1/2. Recently, there have been efforts on analyzing DGFEM for the problems with low regularity solutions. A priori error estimates in the mesh-dependent energy norms are derived in [2] by applying new techniques that incorporate ideas usually seen in a posteriori analysis. Theoretical estimates and numerical results on DGFEM for elliptic problems with solutions in W 2,p , p < 2 can be found in [3] .
The purpose of this paper is to provide an error estimate in the L 2 -norm for DGFEM for elliptic problems with low regularity solutions. Our approach is simpler than the one used in [4] . Numerical results are presented to illustrate the theoretical analysis.
We consider the following model elliptic boundary value problem
where Ω ⊂ R 2 is a bounded polygon and K is a symmetric positive-definite permeability tensor. Let T h be a regular triangular mesh on Ω, E h the set of all edges in T h , E i h the set of all interior edges.
We adopt the definition in [5] for the broken Sobolev space H 1 (Ω, T h ) and define a DG finite element space
where k ≥ 1 is the degree of polynomial shape functions. We adopt also the standard definitions for averages and jumps in [6] .
The DGFEM for (1) with symmetric interior penalty reads as: Seek u h ∈ V h such that
where
and α e , ∀e ∈ E h is a penalty factor large enough to ensure stability of the numerical scheme.
L 2 error estimate
For convenience, we use the notation A B to represent A ≤ CB, where C is a generic constant that is independent of the mesh size h. We define a mesh-dependent energy norm
and data oscillations
It is well known that there exists a constant C such that for any function g ∈ H 1 (T ) (see [7] )
where e is an edge of the triangular element T and s ∈ [0, 1].
Lemmas 1 and 2 have been established in [8, 9] . An equivalent form of Lemma 3 can be found in [2] .
Lemma 2. Assume that K is piecewise constant. For any v ∈ V h , the following holds
where ω e is the union of the two triangles sharing edge e. (Ω) and u h ∈ V h be respectively the solutions of (1) and (3). Then
Now Theorem 1 comes as an immediate result of the above lemmas and the approximation property of the finite element subspace V h .
The L 2 -norm error estimate in Theorem 2 is the main result of this paper.
be the solution of (1) and u h ∈ V h be the solution of (3) . Then
Proof. We first define (v, w)
, it follows from (1) and (3) that (K∇u, ∇v) = (f , v),
The difference of the above two identities gives 
Applying the Cauchy-Schwarz inequality, (9), (10) and (16), we obtain
(Ω) be an interpolant of w. The second term on the right hand side of (18) can be estimated as (K∇w,
Note that the fourth term on the right hand side of (20) can be rewritten as
Applying integration by parts and the facts that w I is a polynomial of degree k and K can be approximated as a piecewise degree k polynomial, we obtain
Now we utilize the Raviart-Thomas interpolation operator Π h introduced in [10] to bound ∥∇ · (K∇w I )∥. It is known that for any q ∈ H(div, Ω), we have Π h q| T ∈ RT k (T ) and Applying the inverse estimate, (17) and (26), we obtain
An argument similar to that for (19) leads to
It follows from (15) that
Combining (21)- (28) gives
Using the Cauchy-Schwarz inequality, (8)- (10) and (17), we have
The other terms on the right hand side of (29) can be estimated in a similar fashion. Thus we have
Note that (20) and (31) together imply
Combing (18), (19) and (32) leads to
The proof is completed by using a triangle inequality.
Numerical results
In this section, we apply the DGFEM with P1 shape functions to a 2-dim elliptic interface problem that was first introduced in [11] .
Here Ω = (−1, 1)
2 and the x-, y-axes are the intersecting interfaces. The permeability is K 1 in the 1st and 3rd quadrants and K 2 in the 2nd and 4th quadrants. In the polar coordinates, the exact solution takes the form
The parameters γ , ρ, σ satisfy the following the nonlinear relations The solution u(r, θ ) is known to be in H 1+γ −ε (Ω) for any ε > 0. A widely tested case is γ = 0.1, R = 161.447, ρ = π /4, σ = −14.922. Fig. 1 is an initial mesh with localization near the origin for resolving the singularity and has 137 nodes and 331 triangular elements. The mesh is then uniformly refined by bisecting the longest edges so that each time the mesh size is reduced from h to h/ √ 2. Shown in Table 1 are the energy and L 2 -norms of the errors. One can observe from Table 1 that the energy norm convergence rate is close to order s = γ − ε (the theoretical estimate) and the L 2 -norm convergence rate is a bit better than order 2s.
Shown in
Remark. As reflected in Theorem 2 and its proof, the L 2 -norm convergence rate is mainly a balance of the two terms O(h 2s )
and O(h 1+s ), since h s osc k (f ) is a higher order term. For particular problems, it could be as good as order 1 + s, see [3] .
